Characterizing Level-set Families of Harmonic Functions by Ding, Pisheng
ar
X
iv
:1
81
2.
02
19
8v
1 
 [m
ath
.A
P]
  5
 D
ec
 20
18
Characterizing Level-set Families of Harmonic Functions1
Pisheng Ding
Abstract. Families of hypersurfaces that are level-set families of har-
monic functions are characterized by a simple analytic condition. Har-
monic functions with a specified level-set family are constructed from
geometric data. Emphasis is placed on the two-variable case, which em-
bodies the general case.
1 Introduction
In general, it is difficult to characterize (individual) curves that are level curves
of two-variable harmonic functions; see, e.g., [1]. Level hypersurfaces of har-
monic functions of more than two variables may even be more intractable (es-
pecially without the complex-analytic tools available in the two-variable case).
This note aims to show that level-set families of harmonic functions are somehow
easier to characterize. The difference between an individual curve (or hyper-
surface) and a family of them is that the former is “static” whereas the latter
contains “kinematic” information that is more readily relatable to harmonicity.
In the present section, we state our main result in the two-variable case for
simplicity. The general case will be treated in §3.
Let I be either R or the circle R/Z; let J be an open interval. Suppose that
Φ : I × J → R2 with
Φ(σ, t) = (x(σ; t), y(σ; t))
is an orientation-preserving C2 diffeomorphism onto an open connected subset
Ω of R2. Consider the family of regular C2 curves
F := {γt : σ 7→ Φ(σ, t) | t ∈ J} . (1)
We assert a condition sufficient and necessary for the existence of a harmonic
function on Ω whose family of level curves is F . When F meets the condition,
we construct in §2.3 a nonconstant harmonic function U on Ω such that, for
each t, the composition U ◦ γt is constant.
To state the main result, let
ϕ =
det dΦ
‖γ′t‖
and N =
(γ′t)
⊣
‖γ′t‖
(2)
where (γ′t)
⊣
= (−∂y/∂σ) e1 +(∂x/∂σ) e2 (i.e., the rotated image of γ
′
t by angle
+π/2); let s be arc length along integral curves of N; let κ be the curvature
(signed, in accordance with the chosen normal field N) of the curves γt.
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Theorem 1 With F , ϕ, s, κ defined above, there exists a harmonic function U
with F being its level-curve family iff (∂ϕ/∂s)+κϕ is constant on each member
of F , i.e.,
∂
∂σ
(
∂ϕ
∂s
+ κϕ
)
= 0 . (3)
The derivation of this condition will be given in §2.2, following an exposition
of some preliminaries in §2.1. In §3, we generalize the results to harmonic
functions of more than two variables.
2 The Two-variable Case
We base our proof for Theorem 1 on a characterization of harmonicity of a C2
function in terms of curvature of its level sets and its directional derivatives,
which we first turn to.
2.1 Characterizing Harmonicity in Terms of Curvature of
Level Curves
Let f be a C2 function on an open connected subset Ω of R2 with no critical
points. For p ∈ Ω and a unit vector v ∈ TpR
2, denote byDvf(p) andD
2
vf(p) the
first and second directional derivatives of f at p along v. Denote by Qp : TpR
2×
TpR
2 → R the Hessian quadratic form of f at p; recall that D2vf(p) = Qp(v,v).
Let C be a level curve of f . Install on C the unit normal field N :=
∇f/ ‖∇f‖; for the unit tangent field T, let it be such that the frame (T,N)
is positively-oriented (but the opposite choice will do as well). The (signed)
curvature κ of the curve f−1(a) at each point thereon is defined by the equa-
tion dT/dσ = κN, where σ is arc length along C (with its increasing direction
induced by T); note that the sign of κ depends on the choice we make of N,
but not of T. Thereby, κ is a scalar field on Ω.
Lemma 2 For p ∈ Ω,
κ(p) = −
D2
T
f(p)
DNf(p)
=
D2
N
f(p)−∆f(p)
DNf(p)
. (4)
Consequently, f is harmonic iff
κ ≡
D2
N
f
DNf
on Ω . (5)
Proof. Let γ be the unit-speed parametrization of an arc on the level curve C
containing p, with γ(0) = p and γ′(0) = T(p). By definition, γ′′(0) = κ(p)N(p).
The vectors ∇f(γ(t)) and γ′(t) are orthogonal; hence
(
d
dt
∇f(γ(t)
)
· γ′(t) +∇f(γ(t)) · γ′′(t) = 0 .
2
Note that (
d
dt
∣∣∣∣
t=0
∇f(γ(t)
)
· γ′(0) = D2Tf(p) ,
whereas
∇f(γ(0)) · γ′′(0) = κ(p) ‖∇f(p)‖ .
Now (4) follows by noting that DN(p)f(p) = ‖∇f(p)‖ and that
D2
T
f(p) +D2
N
f(p) = TrQp = ∆f(p) .
We are now ready to establish our main result.
2.2 Proof of Main Result
For Φ : (σ, t) 7→ (x, y) defined in §1, let t : Ω→ J denote the second component
of Φ−1. By the inverse function theorem,
∇t =
1
ϕ
N ,
where ϕ and N are defined in (2). Recall that Φ is assumed to be orientation-
preserving; so ϕ > 0.
Any function that is constant on each γt must be a function of t. Let
u : J → R be a monotonic C2 function without critical points and define
U : Ω→ R to be u ◦ t. We seek a sufficient and necessary condition for U to be
harmonic. Without loss of generality, assume that u′ > 0 on J , in which case
∇U/ ‖∇U‖ = N and therefore the curvature of level curves of U as defined in
§2.1 is in agreement with the curvature κ on Ω introduce in §1.
With s denoting arc length along integral curves of N (which are also gra-
dient flows of t), we compute DNU and D
2
N
U :
DNU =
∂
∂s
u(t) = u′(t)
∂t
∂s
= u′(t) ‖∇t‖ =
u′(t)
ϕ
,
and
D2
N
U =
∂2
∂s2
u(t) =
∂
∂s
u′(t)
ϕ
=
1
ϕ2
(
u′′(t)− u′(t)
∂ϕ
∂s
)
.
By Lemma 2, U is harmonic iff κDNf ≡ D
2
N
f , i.e.,
1
ϕ2
(
u′′(t)− u′(t)
∂ϕ
∂s
)
= κ
u′(t)
ϕ
,
i.e.,
u′′(t)
u′(t)
=
∂ϕ
∂s
+ κϕ . (6)
The left side is evidently constant on each member γt ∈ F and therefore inde-
pendent of the parameter σ that parametrizes γt. So must the right side! This
proves Theorem 1.
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2.3 Constructing a Harmonic Function from Its Family of
Level Sets
Suppose that the curve family F defined in (1) satisfies (3) and therefore is the
level-curve family of a harmonic function U . We seek to determine U from F .
Without loss of generality, suppose that the t-interval J contains 0. As in
§2.2, suppose that U(x, y) = u(t(x, y)) and that u′ > 0 on J . For notational
simplicity, we express both ϕ and κ as functions of (σ, t) ∈ I × J .
Then, integrating both sides of (6) yields
log
u′(t)
u′(0)
=
∫ t
0
(
∂ϕ
∂s
+ κϕ
)∣∣∣∣
(σ(τ),τ)
dτ , (7)
where σ(τ ) is so chosen that ℓ : τ 7→ Φ(σ(τ ), τ ) is a parametrization of the
integral curve of N originating at Φ(0, 0). (Due to (3), the expression (∂ϕ/∂s)+
κϕ is constant in σ; therefore, for its evaluation at (σ, τ ), we are free to choose
σ.) As s is arc length along ℓ (which is also a gradient flow of t), dt/ds =
‖∇t‖ = 1/ϕ. Thus,
∫ t
0
∂ϕ
∂s
dτ =
∫
ℓ
∂ϕ
∂s
1
ϕ
ds = log
ϕ(σ(t), t)
ϕ(0, 0)
,
which allows us to conclude from (7) that
u′(t) =
u′(0)
ϕ(0, 0)
ϕ(σ(t), t) exp
∫ t
0
κ(σ(τ ), τ ) · ϕ(σ(τ ), τ ) dτ .
Integrating, we have
u(T ) = u(0) +
u′(0)
ϕ(0, 0)
∫ T
0
(
ϕ(σ(t), t) exp
∫ t
0
κ(σ(τ ), τ ) · ϕ(σ(τ ), τ ) dτ
)
dt .
Noting that u(0) = U(Φ(0, 0)) and u′(0)/ϕ(0, 0) = ‖∇U(Φ(0, 0))‖, we can
rewrite the above formula more explicitly:
U (Φ(0, T ))
= U(Φ(0, 0)) + ‖∇U(Φ(0, 0))‖
∫ T
0
(
ϕ(σ(t), t) exp
∫ t
0
κ(σ(τ ), τ) · ϕ(σ(τ ), τ ) dτ
)
dt .
Remark. If, in addition, F is a family of curves arising from evolution of plane
curves in the normal direction, then the parameter σ stays constant along each
integral curve of N and the formula for U becomes a little simpler:
U (Φ(0, T ))
= U(Φ(0, 0)) + ‖∇U(Φ(0, 0))‖
∫ T
0
(
ϕ(0, t) exp
∫ t
0
κ(0, τ) · ϕ(0, τ) dτ
)
dt .
In this case, ϕ has the significance of being the speed of evolution with respect
to t, i.e., ∂Φ/∂t = ϕN.
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3 Extension to Higher Dimensions
Turning to the n-variable case, we give an immediate extension of Theorem 1.
We begin with a family F of hypersurfaces in Rn and seek a condition on F that
is necessary and sufficient for the existence of a harmonic function with F being
its family of level sets. For simplicity, suppose that the hypersurfaces in F are
all diffeomorphic to Rn−1. This is not a severe restriction, as the condition we
produce can be checked locally.
Let J be an open interval. Suppose that Φ : Rn−1 × J → Rn with
Φ(x; t) = (y1(x; t), y2(x; t), · · · , yn(x; t))
is an orientation-preserving C2 diffeomorphism onto an open connected subset
Ω of Rn. Consider the family of regular C2 hypersurfaces
F := {Mt : x 7→ Φ(x; t) | t ∈ J} .
Let n be the Hodge dual of (∂Φ/∂x1) ∧ (∂Φ/∂x2) ∧ · · · ∧ (∂Φ/∂xn−1), i.e.,
n = (−1)n−1 det


e1
∂y1
∂x1
· · · ∂y1
∂xn−1
e2
∂y2
∂x1
· · · ∂y2
∂xn−1
...
...
...
...
en
∂yn
∂x1
· · · ∂yn
∂xn−1

 .
Let
ϕ =
det dΦ
‖n‖
and N =
n
‖n‖
.
Let s be arc length along integral curves of N; let H be the mean curvature
(with its sign corresponding to the chosen normal field N) of Mt.
Theorem 3 With F , ϕ, s, H defined above, there exists a harmonic function
U whose family of level sets is F iff (∂ϕ/∂s) + (n − 1)Hϕ is constant on each
member of F , i.e.,
∂
∂xi
(
∂ϕ
∂s
+ (n− 1)Hϕ
)
= 0 for i ∈ {1, 2, · · · , (n− 1)}.
All that is needed for the proof is a characterization of harmonicity that
extends Lemma 2. We briefly recall the mean curvature of a one-codimensional
C2 orientable submanifold M of Rn. Let M be oriented by a unit normal field
N. At a point p ∈ M , any unit tangent vector v ∈ TpM and the unit normal
N(p) span a plane Πv; the intersection curve M ∩ Πv is a so-called normal
section at p and has signed curvature κp(v). The mean curvature H(p) of M
at p is simply the average of κp(v) as v ranges over the unit (n− 2)-sphere in
the (n − 1)-dimensional TpM . The following result, like Lemma 2, plays a key
role in establishing Theorem 3.
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Lemma 4 For a C2 real-valued function f on an open subset Ω of Rn without
critical points, let N = ∇f/ ‖∇f‖ and let H(p) be the mean curvature at p ∈ Ω
of the level-f(p) hypersurface of f . Then,
H(p) =
1
n− 1
D2
N
f(p)−∆f (p)
DNf(p)
. (8)
Consequently, f is harmonic iff
H ≡
1
n− 1
D2
N
f
DNf
on Ω . (9)
The proof is an easy exercise upon noting that, analogous to (4), the normal
section associated with v ∈ Tpf
−1(f(p)) has signed curvature
κp(v) = −
D2
v
f(p)
‖∇f(p)‖
.
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